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Abstract. Object of study in the present paper are slant and Legendre
null curves in 3-dimensional Sasaki-like almost contact B-metric man-
ifolds. For the examined curves we express the general Frenet frame
and the Frenet frame for which the original parameter is distinguished,
as well as the corresponding curvatures, in terms of the structure on
the manifold. We prove that the curvatures of a framed null slant and
Legendre curve are constants if and only if a specific function for the
considered manifolds is a constant. We find a necessary and sufficient
condition a slant null curve to be a generalized helix and a Legendre
null curve to be a null cubic. For some of investigated curves we show
that they are non-null slant or Legendre curves with respect to the as-
sociated B-metric on the manifold. We give examples of the examined
curves. Some of them are constructed in a 3-dimensional Lie group as
Sasaki-like manifold and their matrix representation is obtained.
1. Introduction
In the Lorentzian geometry there exist three types of curves according to
the causal character of their tangent vector – spacelike, timelike and null
(lightlike) curves. Studying the geometry of null curves is of special interest
since they have very different properties compared to spacelike and timelike
curves. The general theory of null curves is developed in [2, 3], where there
are established important applications of these curves in general relativity.
A slant curve in almost contact and almost paracontact geometry arises as
a generalization of a curve of constant slope (also called a cylindrical helix)
in an Euclidean space E3. More precisely, a slant curve C(t) is defined by
the condition the scalar product g(C˙(t), ξ) of the tangent vector field C˙(t)
and the Reeb vector field ξ to be a constant. Therefore, slant curves can be
also viewd as a generalization of Legendre curves for which g(C˙(t), ξ) = 0.
Slant and Legendre curves in almost contact metric and almost paracontact
metric manifolds have been investigated intensively by many authors [8, 11]
and the references therein.
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In this paper we consider slant and Legendre null curves in 3-dimensional
Sasaki-like almost contact B-metric manifolds, which are Lorentzian mani-
folds. Sasaki-like almost contact B-metric manifolds belong to the class F4 of
the Ganchev-Mihova-Gribachev classification [5] and they are an analog to
the class of Sasakian manifolds in the theory of almost contact metric mani-
folds. It is known that the (1, 1)-tensor ϕ of an almost contact metric mani-
fold (with a Riemannian or pseudo-Riemannian metric ) acts as an isometry
with respect to the metric on the contact distribution. A distinguishing fea-
ture of an almost contact B-metric manifold from an almost contact metric
manifold is that this action of ϕ is an anti-isometry. Also, the metric on an
almost contact B-metric manifold is necessarily pseudo-Riemannian (known
as a B-metric) and its restriction on the contact distribution is of neutral
signature. Moreover, on a such manifold there exists a second B-metric,
called an associated B-metric. In these reasons the geometry of Sasaki-like
almost contact B-metric manifolds is different from this of Sasaki manifolds.
The paper is organized as follows. Section 2 is a brief review of almost
contact B-metric manifolds and geometry of null curves in a 3-dimensional
Lorentzian manifold. In Section 3 we investigate slant null curves in a 3-
dimensional Sasaki-like almost contact B-metric manifold. Since in general
the slant curves are not invariant under a reparameterization, we study such
curves with respect to the original parameter. For the examined curves we
find the general Frenet frame F and the Frenet frame F for which the original
parameter is distinguished, as well as the curvatures with respect to F and
F. The main result is Theorem 3.11 where we prove that both curvatures k1
and k2 of a framed null slant curve C are constants if and only if the function
b = g(C˙, ϕC˙) (b is a nonzero function in general in contrast to the almost
contact metric and almost paracontact metric manifolds) is a constant on
C. As a consequence from this theorem we obtain a necessary and sufficient
condition a slant null curve to be a generalized helix. Section 4 is devoted
to Legendre null curves. We determine for such curves the Frenet frames F,
F and the corresponding curvatures. We prove that there exist no geodesic
Legendre null curves in a 3-dimensional Sasaki-like almost contact B-metric
manifold. Also, we give a necessary and sufficient condition a Legendre null
curve to be a null cubic. In Section 5 we consider some slant and Legendre
null curves with respect to the one B-metric in a 3-dimensional Sasaki-like
almost contact B-metric manifold. We prove that with respect to the other
B-metric these curves are slant and Legendre non-null curves, respectively,
and characterize these curves geometrically. In the last Section 6 we give
several examples illustrating relevant assertions in the previous sections. We
construct slant null curves in a 3-dimensional Lie group which is a Sasaki-
like almost contact B-metric manifold and find the matrix representation of
considered curves.
32. Preliminaries
A (2n + 1)-dimensional smooth manifold (M,ϕ, ξ, η, g) is called an almost
contact manifold with B-metric (or an almost contact B-metric manifold)
[5] if it is endowed with an almost contact structure (ϕ, ξ, η) consisting of an
endomorphism ϕ of the tangent bundle, a Reeb vector field ξ and its dual
1-form η, satisfying the following relations:
ϕ2X = −X + η(X)ξ, η(ξ) = 1.
Also, M is equipped with a pseudo-Riemannian metric g, called a B-metric
[5], determined by
g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y ).
Here and furtherX, Y , Z are tangent vector fields onM , i. e. X,Y,Z ∈ TM .
Immediate consequences of the above conditions are:
η ◦ ϕ = 0, ϕξ = 0, rank(ϕ) = 2n, η(X) = g(X, ξ), g(ξ, ξ) = 1.
The distribution D : x ∈M −→ Dx ⊂ TxM , where
Dx = Kerη = {Xx ∈ TxM : η(Xx) = 0}
is called a contact distribution generated by η. Then the tangent space TxM
at each x ∈M is the following orthogonal direct sum
TxM = Dx ⊕ spanR{ξx}.
The tensor field ϕ induces an almost complex structure on each fibre on D.
Since g is non-degenerate metric on M and ξ is non-isotropic, the contact
distribution D is non-degenerate and the restriction g|D of the metric g on
D is of signature (n, n).
The tensor field g˜ of type (0, 2) given by g˜(X,Y ) = g(X,ϕY ) + η(X)η(Y )
is a B-metric, called an associated metric to g. Both metrics g and g˜ are
necessarily of signature (n+ 1, n) (+ . . . +− . . .−).
Let ∇ be the Levi-Civita connection of g. The tensor field F of type (0, 3)
on M is defined by F (X,Y,Z) = g((∇Xϕ)Y,Z) and it has the following
properties:
F (X,Y,Z) = F (X,Z, Y ) = F (X,ϕY,ϕZ)+η(Y )F (X, ξ, Z)+η(Z)F (X,Y, ξ).
Moreover, we have
F (X,ϕY, ξ) = (∇Xη)Y = g(∇Xξ, Y ).(2.1)
A classification of the almost contact B-metric manifolds with respect to F
is given in [5] and eleven basic classes Fi (i = 1, 2, . . . , 11) are obtained.
The special class F0 is the intersection of all basic classes and it is determined
by the condition F = 0.
The lowest possible dimension of the considered manifolds is three. The
class of the 3-dimensional almost contact B-metric manifolds is F1 ⊕ F4 ⊕
F5 ⊕ F8 ⊕ F9 ⊕ F10 ⊕ F11 [5].
In this paper we consider 3-dimensional Sasaki-like almost contact B-metric
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manifolds (also known as almost contact complex Riemannian manifolds)
which were introduced in [9]. A Sasaki-like almost contact B-metric manifold
is determined by the condition
(∇Xϕ)Y = −g(X,Y )ξ − η(Y )X + 2η(X)η(Y )ξ,
or equivalently
F (X,Y,Z) = g(ϕX,ϕY )η(Z) + g(ϕX,ϕZ)η(Y ).(2.2)
Any Sasaki-like almost contact B-metric manifold belongs to the class F4
[5]. Taking into account (2.1) and (2.2) for Sasaki-like manifold we have
∇Xξ = −ϕX.(2.3)
Let ∇˜ be the Levi-Civita connection of g˜. We consider the symmetric tensor
field Φ of type (1, 2) defined by Φ(X,Y ) = ∇˜XY −∇XY . For a 3-dimensional
Sasaki-like manifold the following equality holds [10]:
∇˜XY −∇XY = −{g(X,ϕY )− g(ϕX,ϕY )}ξ.(2.4)
Let us remark that a 3-dimensional almost contact B-metric manifold is a
Lorentzian manifold. In the remainder of this section we briefly recall the
main notions about null curves in a 3-dimensional Lorentzian manifold M
for which we refer to [2, 3].
Let C : I −→M be a smooth curve in M given locally by
xi = xi(t), t ∈ I ⊆ R, i ∈ {1, 2, 3}
for a coordinate neighborhood U of C. The tangent vector field is given by
d
dt
= (x˙1, x˙2, x˙3) = C˙,
where we denote dxidt by x˙i for i ∈ {1, 2, 3}.
The smooth curve C is said to be a null (lightlike) curve in (M,g), if at each
point x of C we have
g(C˙, C˙) = 0, C˙ 6= 0 for ∀t ∈ I.(2.5)
A general Frenet frame on M along C is denoted by F = {C˙,N,W} and
the vector fields in F are determined by
g(C˙,N) = g(W,W ) = 1, g(N,N) = g(N,W ) = g(C˙,W ) = 0.(2.6)
In [2, Theorem 1.1, p. 53] it was proved that for a given W there exists
a unique N satisfying the corresponding equalities in (2.6). The general
Frenet equations with respect to F and ∇ of (M,g) are known from [2, 3]
∇C˙C˙ = hC˙ + k1W,(2.7)
∇C˙N = −hN + k2W,(2.8)
∇C˙W = −k2C˙ − k1N,(2.9)
5where h, k1 and k2 are smooth functions on U . The functions k1 and k2 are
called curvature functions of C.
The general Frenet frame F and its general Frenet equations (2.7), (2.8),
(2.9) are not unique as they depend on the parameter and the choice of the
screen vector bundle S(TC⊥) = span{W} of C (for details see [2, pp. 56-58],
[3, pp. 25-29]). It is known [2, p. 58] that there exists a parameter p called a
distinguished parameter, for which the function h vanishes in (2.8). The pair
(C(p),F), where F is a Frenet frame along C with respect to a distinguished
parameter p, is called a framed null curve (see [3]). In general, (C(p),F) is
not unique since it depends on both p and the screen distribution. A Frenet
frame with the minimum number of curvature functions is called Cartan
Frenet frame of a null curve C. In [3] it is proved that if the null curve
C(p) is non-geodesic such that for C¨ = ddp C˙ the condition g(C¨, C¨) = k1 = 1
holds, then there exists only one Cartan Frenet frame F with the following
Frenet equations
∇C˙C˙ =W, ∇C˙N = k2W, ∇C˙W = −k2C˙ −N.(2.10)
The latter equations are called the Cartan Frenet equations of C(p) whereas
k2 is called a Cartan curvature or torsion function and it is invariant upto a
sign under Lorentzian transformations. A null curve together with its Cartan
Frenet frame is called a null Cartan curve. Note that some authors [6] term
a framed null curve (C(p),F) a null Cartan curve and a Frenet frame F
along C with respect to a distinguished parameter p – Cartan Frenet frame.
3. Slant null curves in 3-dimensional Sasaki-like almost
contact B-metric manifolds
Definition 3.1. We say that a smooth curve C(t) in an almost contact
B-metric manifold (M,ϕ, ξ, η, g) is a slant curve if
g(C˙(t), ξ) = η(C˙(t)) = a,(3.1)
where a is a real constant. The curve C is called a Legendre curve if a = 0.
Since for an almost contact B-metric manifold M g(X,ϕX) is not zero in
general, for the sake of brevity, we will use the following denotations
b = g(C˙, ϕC˙), C˙(b) = b˙,
where b is a smooth function on a curve C in M .
Proposition 3.2. In a 3-dimensional almost contact B-metric manifold
(M,ϕ, ξ, η, g) there exists no a slant null curve C for which a = 0 and the
function b vanishes identically on C.
Proof. Let us assume that there exists a slant null curve C in M such that
a = 0 and b vanishes identically on C. From η(C˙) = η(ϕC˙) = 0 it follows
that C˙ and ϕC˙ belong to the contact distribution D of M along C. Since C˙
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and ϕC˙ are linearly independent, they form a basis of D at each point x of
C. Hence, for an arbitrary vector field X ∈ D|C we have X = uC˙ + vϕC˙ for
some functions u and v. By using g(C˙, C˙) = g(ϕC˙, ϕC˙) = 0 and b = 0 we
obtain g(X,X) = 0. The last implies a contradiction since g|D is of signature
(1, 1), which confirms our assertion. 
Remark 3.3. Let C(t) be a slant curve in an almost contact B-metric man-
ifold (M,ϕ, ξ, η, g). If we change the parameter t of C(t) with another para-
meter p, then we have C˙(p) = C˙(t) dtdp . Hence (3.1) becomes
g(C˙(p), ξ) = η(C˙(p)) = dtdpη(C˙(t)) =
dt
dpa.
Therefore η(C˙(p)) is constant if and only if t = αp + β, where α, β are
constant. Since in general the slant curves are not invariant under a repara-
meterization, in the present paper we study slant null curves with respect to
its original parameter.
First, for latter use, we give the following lemma
Lemma 3.4. Let C(t) be a slant null curve in a 3-dimensional Sasaki-like
almost contact B-metric manifold. Then we have
g(∇C˙C˙, ξ) = −g(C˙,∇C˙ξ) = b,(3.2)
g(∇C˙C˙, C˙) = 0,(3.3)
g(∇C˙C˙, ϕC˙) =
b˙− 2a3
2
, g(∇C˙ϕC˙, C˙) =
b˙+ 2a3
2
,(3.4)
g(∇C˙ϕC˙, ξ) = −g(ϕC˙,∇C˙ξ) = a2.(3.5)
Proof. Since (3.1) is valid, we have C˙(η(C˙)) = 0. Then by using (2.3) we
obtain (3.2). The equality (3.3) is an immediate consequence from (2.5).
From the expressions
F (C˙, C˙, C˙) = g(∇C˙C˙, ϕC˙)− g(ϕ(∇C˙C˙), C˙),
b˙ = g(∇C˙C˙, ϕC˙) + g(C˙,∇C˙ϕC˙)
we find g(∇C˙C˙, ϕC˙) =
b˙− F (C˙, C˙, C˙)
2
and g(∇C˙ϕC˙, C˙) =
b˙+ F (C˙, C˙, C˙)
2
.
By virtue of (2.2) we get F (C˙, C˙, C˙) = 2a3 which confirms the truthfulness
of (3.4). The equality g(ϕC˙, ξ) = 0 and (2.3) imply (3.5). 
Now, taking into account Proposition 3.2, it is easy to see that the triad
of vector fields {ξ, C˙, ϕC˙} is a basis of TxM at each point x of a slant null
curve in a 3-dimensional almost contact B-metric manifold (M,ϕ, ξ, η, g).
By using this basis, we obtain
7Proposition 3.5. Let C(t) be a slant null curve in a 3-dimensional Sasaki-
like almost contact B-metric manifold. Then ∇C˙C˙ and the curvature k1 are
given by
∇C˙C˙ = αξ + βC˙ + γϕC˙,(3.6)
where α, β, γ are the following functions along C
α =
−b(−2(a4 + b2) + ab˙)
2(a4 + b2)
,(3.7)
β =
bb˙
2(a4 + b2)
,(3.8)
γ =
a(−2(a4 + b2) + ab˙)
2(a4 + b2)
(3.9)
and
k1 = ǫ
−2(a4 + b2) + ab˙
2
√
a4 + b2
, ǫ = ±1.(3.10)
Proof. Let with respect to the basis {ξ, C˙, ϕC˙} of TxM , x ∈ C, ∇C˙C˙ have
the decomposition (3.6). Using (3.2), (3.3) and the first equality in (3.4) we
obtain the following linear system of equations for α, β, γ∣∣∣∣∣∣∣∣∣∣∣∣
g(∇C˙C˙, ξ) = b = α+ aβ
g(∇C˙C˙, C˙) = 0 = aα+ bγ
g(∇C˙ϕC˙, C˙) =
b˙− 2a3
2
= bβ + a2γ.
The determinant of the above system is ∆ = −a4 − b2 and it is nonzero
according to Proposition 3.2. Hence, the system has a unique solution given
by (3.7), (3.8) and (3.9). From (2.7) it follows that
k21 = g(∇C˙C˙,∇C˙C˙) = α2 + a2γ2.(3.11)
Substituting (3.7) and (3.9) in the latter equality we obtain (3.10). 
Corollary 3.6. A slant null curve C(t) in a 3-dimensional Sasaki-like al-
most contact B-metric manifold is geodesic if and only if
b = a2 tan(2a(t+ C1)), C1 = const.(3.12)
Proof. It is known [2] that a null curve is geodesic if and only if k1 vanishes.
From (3.10) it follows that k1 = 0 if and only if b˙ =
2(a4+b2)
a . Integrating
this equality implies (3.12). 
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Now, let us assume that C(t) is a non-geodesic slant null curve in a 3-
dimensional Sasaki-like almost contact B-metric manifold. Since k1 6= 0,
from (3.11) it follows that the vector field∇C˙C˙ = αξ+βC˙+γϕC˙ is spacelike.
It is not hard to see that the unique screen vector bundles of C(t) are
S(TC⊥) = span{W} and S¯(TC⊥) = span{W}, where W and W are the
following unit spacelike vector fields orthogonal to C˙
W =
1
k1
(αξ + γϕC˙) =
−ǫb√
a4 + b2
ξ +
ǫa√
a4 + b2
ϕC˙,(3.13)
W =
ǫ1
k1
(αξ + βC˙ + γϕC˙) = ǫ1
( −ǫb√
a4 + b2
ξ
+
ǫbb˙√
a4 + b2(−2(a4 + b2) + ab˙)C˙ +
ǫa√
a4 + b2
ϕC˙
)
,
(3.14)
where ǫ1 = ±1. From (3.13) and (3.14) we have
W = ǫ1
(
W +
β
k1
C˙
)
.(3.15)
We denote by F = {C˙,N,W} and F = {C˙,N,W} the Frenet frames with
respect to {t, S(TC⊥)} and {t, S¯(TC⊥)}, respectively. Let h, k1, k2 and h¯,
k¯1, k¯2 be the curvature functions of C with respect to F and F, respectively.
Taking into account (3.13), (3.14), the equality (3.6) becomes
∇C˙C˙ = βC˙ + k1W,(3.16)
∇C˙C˙ = k¯1W,(3.17)
respectively, where
k¯1 = ǫ1k1.(3.18)
By using (3.15) and the relations between the elements of F and F from [2,
p. 65] we obtain
N = − β
2
2k21
C˙ +N − β
k1
W,(3.19)
k¯2 = ǫ1
(
k2 − d
dt
(
β
k1
)
− β
2
2k1
)
.(3.20)
Proposition 3.7. Let M be a 3-dimensional Sasaki-like almost contact B-
metric manifold and C(t) be a non-geodesic slant null curve in M .
(i) If the screen vector bundle of C(t) is S(TC⊥) = span{W}, then
N =
a3
a4 + b2
ξ − a
2
2(a4 + b2)
C˙ +
b
a4 + b2
ϕC˙,(3.21)
9h = β =
bb˙
2(a4 + b2)
,(3.22)
k2 = ǫ
−2a2(a4 + b2) + 3a3b˙
4(a4 + b2)3/2
, ǫ = ±1.(3.23)
(ii) If the screen vector bundle of C(t) is S¯(TC⊥) = span{W}, then the
original parameter t of C(t) is distinguished and
N =
(
b˙− 2a3
−2(a4 + b2) + ab˙
)
ξ −
(
4a2(a4 + b2 − ab˙) + b˙2
2(−2(a4 + b2) + ab˙)2
)
C˙
−
(
2b
−2(a4 + b2) + ab˙
)
ϕC˙,
(3.24)
k¯2 = ǫ1ǫ
(a4 + b2)(8bb¨ + 20a3b˙− 8a6 − 8a2b2)− ab˙3 − 2(3a4 + 7b2)b˙2
4
√
a4 + b2(−2(a4 + b2) + ab˙)2 .
(3.25)
Proof. (i) Let N = λξ + µC˙ + νϕC˙ for some functions λ, µ and ν along C.
By using (2.6) and (3.13) we obtain the following system for λ, µ, ν∣∣∣∣∣∣∣∣
g(N,N) = 0 = λ2 + a2ν2 + 2aλµ+ 2bµν
g(N, C˙) = 1 = aλ+ bν
g(N,W ) = 0 =
−ǫb√
a4 + b2
λ+
ǫa3√
a4 + b2
ν.
(3.26)
The last two equations in (3.26) form the linear system∣∣∣∣ aλ+ bν = 1−bλ+ a3ν = 0,(3.27)
whose determinant ∆1 = a
4 + b2 is nonzero. Thus (3.27) has a unique
solution that is
λ =
a3
a4 + b2
, ν =
b
a4 + b2
.(3.28)
Substituting (3.28) in the first equation of (3.26) we find
µ = − a
2
2(a4 + b2)
.(3.29)
Hence, for the vector field N from the Frenet frame F the equality (3.21)
is valid. The equality (3.22) for the curvature function h with respect to F
follows from (3.8) and (3.16).
From the Frenet equation (2.8) with respect to F we derive
k2 = g(∇C˙N,W ).
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Taking into account (3.13), the latter equality becomes
k2 =
−ǫb√
a4 + b2
(
λ˙+ λg(∇C˙ξ, ξ) + µ˙a+ µg(∇C˙C˙, ξ) + νg(∇C˙ϕC˙, ξ)
)
+
ǫa√
a4 + b2
(
λg(∇C˙ξ, ϕC˙) + µ˙b+ µg(∇C˙C˙, ϕC˙) + ν˙a2 + νg(∇C˙ϕC˙, ϕC˙)
)
,
where λ, ν and µ are given by (3.28) and (3.29), respectively. After direct
computations using Lemma 3.4 we obtain (3.23).
(ii) From (3.17) it follows that h = 0 which means that the original para-
meter t of C is distinguished. With the help of (3.8), (3.10), (3.13), (3.19),
(3.21) we obtain (3.24). Using (3.8), (3.10), (3.20), (3.23) we get (3.25). 
According to the assertion (ii) in Proposition 3.7 a non-geodesic slant null
curve C(t) in a 3-dimensional Sasaki-like almost contact B-metric manifold
is a framed null curve with respect to a Frenet frame F = {C˙,N,W} and
with a distinguished parameter–the original parameter t. Such curve we will
denote by (C(t),F). At the end of this section we study null Gartan helices
and generalized helices among the framed null curves (C(t),F). Let us recall
Definition 3.8. [3, 4] A null Cartan curve with a constant Cartan curvature
k2 is called a null Cartan helix.
Definition 3.9. [3, 4] A null Cartan curve C in a 3-dimensional Lorentzian
manifold (M,g) is a generalized helix if there exists a nonzero constant vector
v such that g(C˙, v) is constant.
The following result is known from [3, 4]
Proposition 3.10. [3, 4] Let C be a null Cartan curve in a 3-dimensional
Lorentzian manifold. Then C is a generalized helix if and only if C is a null
Cartan helix.
Theorem 3.11. Let C(t) : I −→ M be a non-geodesic slant null curve in
a 3-dimensional Sasaki-like almost contact B-metric manifold M and the
function b(t) ∈ C1 in I. Then the framed null curve (C(t),F) is of constant
curvatures k¯1 and k¯2 if and only if b is a constant in I. Moreover, for an
arbitrary constant b the curvatures k¯1 and k¯2 are the following constants
k¯1 = ǫ1ǫ(−
√
a4 + b2),(3.30)
k¯2 = ǫ1ǫ
(
− a
2
2
√
a4 + b2
)
.(3.31)
Proof. ”=⇒” Let us assume that both k¯1 and k¯2 are constants. Taking into
account (3.10) and (3.18) we have k¯1 = ǫ1k1 = ǫ1ǫC1, where
C1 =
−2(a4 + b2) + ab˙
2
√
a4 + b2
(3.32)
11
is a nonzero constant. From the above equality we obtain
b˙ =
2C1
√
a4 + b2 + 2(a4 + b2)
a
.(3.33)
By using (3.33) we find
b¨ =
2bb˙(C1 + 2
√
a4 + b2)
a
√
a4 + b2
.(3.34)
Now, substituting k¯2 = C2=const, k¯1 = ǫ1ǫC1 and (3.23) in (3.20), we get
(3b2 − 4a4)b˙2 − 4b(a4 + b2)b¨+ 2C1
√
a4 + b2(−2a2(a4 + b2) + 3a3b˙)
−8ǫ1ǫC1C2(a4 + b2)2 = 0.
With the help of (3.33) and (3.34) the latter equality becomes
5b2 + 6C1
√
a4 + b2 + 2ǫ1ǫC1C2 + 4a
4 + C21 = 0.(3.35)
After differentiation of (3.35) we obtain(
b2
). (
5
√
a4 + b2 + 3C1
)
= 0,(3.36)
where
(
b2
).
stands for ddtb
2. Further, we consider separately the cases C1 > 0
and C1 < 0 in (3.36).
1) If C1 > 0, then 5
√
a4 + b2+3C1 is nonzero for any t ∈ I. Thus from (3.36)
we infer that
(
b2
).
= 0 for any t ∈ I, which implies that b is a constant.
2) If C1 < 0, then there exist the following possibilities for the vanishing of
the left hand side of (3.36):
2.1)
(
b2
).
= 0 for any t ∈ I and hence b is a constant.
2.2) There exists t0 ∈ I such that
(
b2
).
(t0) 6= 0. Since
(
b2
).
is continu-
ous in I, it follows that there exists an open interval I0 ⊂ I, t0 ∈ I0,
such that
(
b2
).
(t) 6= 0 for any t ∈ I0. Then for any t ∈ I0 we have(
5
√
a4 + b2 + 3C1
)
= 0. From the latter equality it follows that b2 is a
constant in I0 and hence
(
b2
).
= 0 in I0 which is a contradiction.
2.3) Analogously as in 2.2) we see that the assumption
(
b2
). 6= 0 for any
t ∈ I implies a contradiction.
”⇐=” Conversely, let b be a constant in I. Substituting b˙ = b¨ = 0 in (3.10)
and (3.25) we obtain that k¯1 and k¯2 are constants given by (3.30) and (3.31),
respectively. 
Corollary 3.12. A non-geodesic slant null curve (C(t),F) in a 3-dimensional
Sasaki-like almost contact B-metric manifold is a generalized helix if and
only if the following conditions are valid
b2 = 1− a4, where a ∈ [−1, 0) ∪ (0, 1];
k¯2 =
a2
2 .
(3.37)
Proof. Taking into account Proposition 3.10 we see that it is enough to show
that (C(t),F) is a null Cartan helix if and only if (3.37) hold.
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First, let (C(t),F) be a null Cartan helix. Hence k¯1 = 1 and k¯2 is a constant.
Now, applying Theorem 3.11 we obtain that b is a constant. Then k¯1 and
k¯2 are given by (3.30) and (3.31), respectively. Replacing k¯1 in (3.30) with
1 we get 1 = ǫ1ǫ(−
√
a4 + b2). By using the latter equality and (3.31) we
obtain the conditions (3.37).
Conversely, let us assume that (3.37) are fulfilled. Since b is a constant, from
Theorem 3.11 it follows that for k¯1 and k¯2 the equalities (3.30) and (3.31)
hold. By using (3.31) and k¯2 =
a2
2 we get ǫ1ǫ = −1. Substituting the latter
and b2 = 1− a4 in (3.30) we find k¯1 = 1 which completes the proof. 
As a generalization of the magnetic curves in [1] was introduced the notion
of F -geodesics in a manifold M endowed with a (1,1)-tensor field F and
with a linear connection ∇.
Definition 3.13. [1] A smooth curve γ : I −→M in a manifold (M,F,∇)
is an F -geodesic if γ(t) satisfies ∇γ˙(t)γ˙(t) = F γ˙(t).
Note that an F -geodesic is not invariant under a reparameterization.
Proposition 3.14. Let C(t) be a slant null curve in a 3-dimensional Sasaki-
like almost contact B-metric manifold (M,ϕ, ξ, η, g). Then
(i) C(t) is a ϕ-geodesic if and only if b = 0 and a = −1.
(ii) If C(t) is a ϕ-geodesic, then it is a null Cartan curve with a Cartan
Frenet frame F = {C˙, N = −ξ − 12C˙, W = ϕC˙} and k¯2 = 12 .
Proof. (i) C(t) is a ϕ-geodesic if and only if
(3.38) ∇C˙C˙ = ϕC˙.
Using (3.6), (3.7), (3.8) and (3.9) we see that (3.38) is fulfilled if and only if
b = 0 and a = −1.
(ii) If C(t) is a ϕ-geodesic, then from (3.38) and g(ϕC˙, ϕC˙) = a2 = 1 it
follows that W = ϕC˙, k¯1 = 1. Thus, C(t) is a null Cartan curve. Now,
replacing a and b in (3.10), (3.24), (3.25) by −1 and 0, respectively, we find
k1 = ǫ(−1), N = −ξ − 12 C˙, k¯2 = ǫ1ǫ
(−12). By using (3.18) and k¯1 = 1 we
get ǫ1ǫ = −1 which completes the proof. 
From Corollary 3.12 and Proposition 3.14 we obtain
Corollary 3.15. A ϕ-geodesic slant null curve in a 3-dimensional Sasaki-
like almost contact B-metric manifold is a generalized helix.
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4. Legendre null curves in 3-dimensional Sasaki-like almost
contact B-metric manifolds
Let us emphasize that according to Proposition 3.2 if C is a Legendre null
curve in a 3-dimensional almost contact B-metric manifold, then the function
b is not identically zero.
Following the proof of Proposition 3.5 and Proposition 3.7 we infer that they
are also valid if one of a or b is zero. Thus, substituting a in (3.7), (3.8),
(3.9) and (3.10) with 0 we state
Corollary 4.1. Let C(t) be a Legendre null curve in a 3-dimensional Sasaki-
like almost contact B-metric manifold. Then ∇C˙C˙ and the curvature k1 are
given by
(4.1) ∇C˙C˙ = bξ +
b˙
2b
C˙,
(4.2) k1 = ǫb, ǫ = ±1.
The following proposition is an immediate consequence from (4.2)
Proposition 4.2. There exist no geodesic Legendre null curves in a 3-
dimensional Sasaki-like almost contact B-metric manifold.
We can rewrite (4.1) in the following two ways
∇C˙C˙ =
b˙
2b
C˙ + k1W and ∇C˙C˙ = k¯1W
where
(4.3) W = ǫξ, ǫ = ±1, k¯1 = ǫ1ǫb, W = ǫ1
(
ǫξ + ǫ
b˙
2b2
C˙
)
, ǫ1 = ±1.
Hence, the unique screen vector bundles of a Legendre null curve C(t) are
S(TC⊥) = span{W} and S¯(TC⊥) = span{W}, whereW andW are the unit
spacelike vector fields orthogonal to C˙ given in (4.3). Further, substituting
a in (3.21), (3.22), (3.23), (3.24) and (3.25) with 0 we obtain the following
corollary from Proposition 3.7
Corollary 4.3. Let M be a 3-dimensional Sasaki-like almost contact B-
metric manifold and C(t) be a Legendre null curve in M .
(i) If the screen vector bundle of C(t) is S(TC⊥) = span{W = ǫξ}, then
N =
1
b
ϕC˙, h =
b˙
2b
, k2 = 0.
(ii) If the screen vector bundle of C(t) is S¯(TC⊥) = span{W}, where W is
given in (4.3), then the original parameter t of C(t) is distinguished and
(4.4) N = − b˙
2b2
ξ − b˙
2
8b4
C˙ +
1
b
ϕC˙, k¯2 = ǫ1
(
4bb¨− 7b˙2
8b3
)
.
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A Legendre null curve (C(t),F) is a framed null curve with respect to a
Frenet frame F = {C˙,N,W}, where W and N are given in (4.3) and (4.4).
Definition 4.4. [3, 4] A null Cartan helix of zero Cartan curvature k2 is
called null cubic.
Now, taking into account the expressions for k¯1 and k¯2 in (4.3) and (4.4),
respectively, we state
Proposition 4.5. Let (C(t),F) be a Legendre null curve in a 3-dimensional
Sasaki-like almost contact B-metric manifold M . Then
(i) (C(t),F) is of constant curvatures k¯1 and k¯2 if and only if b is a nonzero
constant.
(ii) For a nonzero constant b we have k¯2 = 0.
(iii) (C(t),F) is a null cubic if and only if ǫ1ǫb = 1.
5. Non-null slant curves in a 3-dimensional Sasaki-like almost
contact B-metric manifold induced from some slant and
Legendre null curves
A curve γ : I −→ M in a 3-dimensional Lorentzian manifold (M,g) is
said to be a unit speed curve (or γ is parameterized by arc length s) if
g(γ′, γ′) = ǫ1 = ±1, where γ′ = dγds is the velocity vector field. A unit speed
curve γ is said to be spacelike or timelike if ǫ1 = 1 or ǫ1 = −1, respectively.
A unit speed curve γ is said to be a Frenet curve if one of the following three
cases holds [11]:
• γ is of osculating order 1 that is ∇γ′γ′ = 0, i.e. γ is a geodesic;
• γ is of osculating order 2, i.e. there exist two orthonormal vector
fields E1, E2 and a positive function k (the curvature) along γ such
that E1 = γ
′, g(E2, E2) = ǫ2 = ±1 and
∇γ′E1 = ǫ2kE2, ∇γ′E2 = −ǫ1kE1;
• γ is of osculating order 3, i.e. there exist three orthonormal vector
fields E1, E2, E3 and two positive functions k (the curvature) and
τ (the torsion) along γ such that E1 = γ
′, g(E2, E2) = ǫ2 = ±1,
g(E3, E3) = ǫ3 = ±1, ǫ3 = −ǫ1ǫ2 and
∇γ′E1 = ǫ2kE2, ∇γ′E2 = −ǫ1kE1 + ǫ3τE3, ∇γ′E3 = −ǫ2τE2.
As in the case of Riemannian geometry, a Frenet curve in a 3-dimensional
Lorentzian manifold is a geodesic if and only if its curvature k vanishes.
Also a Frenet curve γ with a curvature k and a torsion τ is called [7]:
• a pseudo-circle if k = const and τ = 0;
• a helix if k = const and τ = const;
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• a proper helix if γ is a helix which is not a circle;
• a generalized helix if k
τ
= const but k and τ are not constant.
Analogously as in [11] we say that a Frenet curve γ(s) in an almost contact
B-metric manifold (M,ϕ, ξ, η, g) is slant if η(γ′(s)) = a = const.
Since there exist two B-metrics g and g˜ on an almost contact B-metric man-
ifold M , we can consider a curve γ in M with respect to both metrics.
In this section we investigate non-null curves with respect to g˜ in a 3-
dimensional Sasaki-like almost contact B-metric manifold, induced from Le-
gendre and slant null curves with respect to g with constant curvatures.
Theorem 5.1. Let M be a 3-dimensional Sasaki-like almost contact B-
metric manifold and (C(t),F) be a Legendre null curve with respect to g in
M of constant curvatures k¯1 and k¯2. Then the curve C with respect to g˜ is
(i) spacelike if b > 0 or timelike if b < 0;
(ii) a Legendre curve;
(iii) a geodesic.
Proof. (i) From the assertion (i) in Proposition 4.5 it follows that b is a
nonzero constant. Thus g˜(C˙, C˙) = b 6= 0. Now, we parameterize C(t) by its
arc length parameter s˜ with respect to g˜ given by
s˜ =
∫ t
0
√
|g˜(C˙, C˙)|du =
∫ t
0
√
|b|du =
√
|b|t.
Then for the tangent vector C ′(s˜) = C˙(t)
dt
ds˜
=
C˙(t)√|b| of the curve C(s˜) we
have g˜(C ′, C ′) =
b
|b| = ±1 which confirms the assertion (i).
(ii) By direct calculations we find
η˜(C ′) = g˜(C ′, ξ) = η(C ′) =
1√
|b|η(C˙) = 0,
which shows that C(s˜) is a Legendre curve.
(iii) By virtue of (2.4) we get
∇˜C′C ′ = 1|b| ∇˜C˙C˙ =
1
|b|
(
∇C˙C˙ − bξ
)
.(5.1)
Substituting b˙ = 0 in (4.1) we obtain ∇C˙C˙ = bξ. The latter equality and
(5.1) imply ∇˜C′C ′ = 0, i.e. C(s˜) is a geodesic. 
Theorem 5.2. Let (C(t),F) be a slant null curve with respect to g in a
3-dimensional Sasaki-like almost contact B-metric manifold M for which
b = 0. Then C with respect to g˜ is a spacelike slant curve in M such that:
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(i) C is of osculating order 3. The orthonormal vector fields E1, E2, E3
with respect to g˜ are given as follows:
E1(s˜) = C
′(s˜) =
C˙
|a| , g˜(E1, E1) = 1,(5.2)
where s˜ is the arc length parameter of C(t) with respect to g˜,
E2(s˜) = −1
a
ϕC˙ + ξ, g˜(E2, E2) = 1,(5.3)
E3(s˜) =
1
|a|(ϕC˙ − C˙), g˜(E3, E3) = −1;(5.4)
(ii) C(s˜) is a proper helix whose curvature k˜ and torsion τ˜ are
k˜(s˜) = τ˜(s˜) = 1.(5.5)
Proof. Since b = 0 for (C(t),F), from Proposition 3.2 it follows that a 6= 0.
First, for further use we compute:
g˜(C˙, C˙) = g(C˙, ϕC˙) + (η(C˙))2 = a2, g˜(C˙, ϕC˙) = g(ϕC˙, ϕC˙) = a2,
g˜(ϕC˙, ϕC˙) = −g˜(C˙, C˙) + (η(C˙))2 = 0.(5.6)
The curvature k¯1(t) = ǫ1k1 and the vector fields W , N from the frame F
along C(t) we obtain by substituting b = 0 in (3.10) and (3.14), (3.24),
respectively. Thus we
k¯1 = ǫ1ǫ(−a2),(5.7)
W = ǫ1ǫ
1
a
ϕC˙,(5.8)
N =
1
a
ξ − 1
2a2
C˙.(5.9)
Since g˜(C˙, C˙) = a2 6= 0, analogously as in the proof of Theorem 5.1 we
parameterize C(t) with respect to its arc length parameter s˜ = |a|t. Then it
is easy to see that for the vector field E1(s˜) = C
′(s˜) the equality g˜(E1, E1) =
1 holds. Hence C(s˜) is a spacelike curve with respect to g˜. Also, we have
η˜(C ′) = g˜(C ′, ξ) = η(C ′) =
1
|a|η(C˙) =
a
|a| = ±1.
From the above equality it is clear that the spacelike curve C(s˜) is a slant
(non-Legendre) curve in M .
(i) By virtue of (2.4) we find
∇˜C′C ′ = 1
a2
∇˜C˙C˙ =
1
a2
(
∇C˙C˙ + a2ξ
)
.(5.10)
Using (5.7) and (5.8) we get
∇C˙C˙ = k¯1W = −aϕC˙.(5.11)
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Substituting the latter equality in (5.10), we obtain
∇˜C′C ′ = −1
a
ϕC˙ + ξ.
Denoting E2(s˜) = − 1aϕC˙ + ξ, we check directly that g˜(E2, E2) = 1 and
g˜(E1, E2) = 0. Then for the curvature k˜(s) we find
k˜(s˜) = |∇˜C′C ′| =
√
|g˜(∇˜C′C ′, ∇˜C′C ′)| =
√
|g˜(E2, E2)| = 1.
Thus we have
∇˜C′C ′ = k˜E2.(5.12)
Now, we compute
∇˜C′E2 = 1|a| ∇˜C˙
(
−1
a
ϕC˙ + ξ
)
=
1
|a|
(
−1
a
∇˜C˙ϕC˙ + ∇˜C˙ξ
)
.(5.13)
Further, by using (2.4) we get
∇˜C˙ϕC˙ = ∇C˙ϕC˙ − a2ξ.(5.14)
From the well known formula (∇C˙ϕ)C˙ = ∇C˙ϕC˙ − ϕ(∇C˙C˙) we express
∇C˙ϕC˙ = (∇C˙ϕ)C˙ + ϕ(∇C˙C˙).(5.15)
By virtue of (2.2) we find
(∇C˙ϕ)C˙ = a(aξ + ϕ2C˙).
Taking into account (5.11) we have
ϕ(∇C˙C˙) = −aϕ2C˙.
Substituting the latter two equalities in (5.15) we obtain
∇C˙ϕC˙ = a2ξ.(5.16)
From (5.14) and (5.16) it follows
∇˜C˙ϕC˙ = 0.(5.17)
By using (2.4) and (2.3) we get
∇˜C˙ξ = ∇C˙ξ = −ϕC˙.(5.18)
Substituting (5.17) and (5.18) in (5.13) we receive ∇˜C′E2 = − 1|a|ϕC˙. We
rewrite the last equality in the following equivalent form
∇˜C′E2 = −k˜E1 + k˜E1 − k˜ 1|a|ϕC˙ = −k˜E1 − k˜
(
1
|a|ϕC˙ − E1
)
and put E3(s˜) =
1
|a|ϕC˙ − E1 = 1|a|(ϕC˙ − C˙). Immediately we verify that
g˜(E3, E3) = −1, g˜(E1, E3) = g˜(E2, E3) = 0. Now, we obtain
∇˜C′E2 = −k˜E1 − τ˜E3,(5.19)
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where τ˜ = k˜. Finally, we have
∇˜C′E3 = 1|a| ∇˜C˙
1
|a|(ϕC˙ − C˙) =
1
a2
(
∇˜C˙ϕC˙ − ∇˜C˙C˙
)
.
Taking into account (5.12) and (5.17), we infer
∇˜C′E3 = −τ˜E2.(5.20)
The equalities (5.12), (5.19) and (5.20) show that C(s˜) is a Frenet curve of
osculating order 3. Note that in our case ǫ1 = ǫ2 = −ǫ3 = 1.
(ii) In (i) we obtained that k˜ = τ˜ = 1 which means that the Frenet slant
curve C with respect to the metric g˜ is a proper helix. 
6. Examples
Let us consider R2 endowed with an almost complex structure J and a metric
h which are defined with respect to the local basis
{
∂
∂x ,
∂
∂y
}
as follows:
J
(
∂
∂x
)
=
∂
∂y
, J
(
∂
∂y
)
= − ∂
∂x
,
h
(
∂
∂x
,
∂
∂x
)
= −h
(
∂
∂y
,
∂
∂y
)
= −1, h
(
∂
∂x
,
∂
∂y
)
= 0.
The almost complex structure J acts as an anti-isometry with respect to
the metric h, i.e. h(JX, JY ) = −h(X,Y ) and h is a pseudo-Riemannian
neutral metric (called Norden metric). The associated neutral metric h˜ is
defined by h˜(X,Y ) = h(X,JY ). It is easy to check that the almost complex
structure J is parallel with respect to the Levi-Civita connection ∇h of the
metric h, i.e. ∇hJ = 0. Hence, N2 = (R2, J, h) is a Ka¨hler-Norden manifold.
Then, according to [9, Theorem 3.5], the product manifold M3 = R+ ×N2
equipped with the almost contact B-metric structure (ϕ, ξ, η, g) given by
ξ =
∂
∂z
, η = dz, ϕ|N2 = J, ϕ
∂
∂z
= 0, g = dz2 + cos 2z h− sin 2z h˜
(dz is the coordinate 1-form on R+) is a Sasaki-like almost contact B-metric
manifold. The vector fields
e1 = cos z
∂
∂x
+ sin z
∂
∂y
, e2 = − sin z ∂
∂x
+ cos z
∂
∂y
, e3 =
∂
∂z
are linearly independent at each point of M3 and they satisfy
(6.1) g(e1, e1) = −g(e2, e2) = g(e3, e3) = 1, g(ei, ej) = 0, i 6= j ∈ {1, 2, 3},
(6.2) [e1, e2] = 0, [e1, e3] = −e2, [e2, e3] = e1.
Now, by using the Koszul formula
2g(∇eiej, ek) = g([ei, ej ], ek) + g([ek, ei], ej) + g([ek, ej ], ei)(6.3)
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we find the components of the Levi-Civita connection ∇ of the metric g.
The non-zero ones of them are
∇e1e2 = ∇e2e1 = −e3, ∇e1e3 = −e2, ∇e2e3 = e1.(6.4)
With the help of (2.4) and (6.4) we obtain that the non-zero components of
the Levi-Civita connection ∇˜ of the metric g˜ are
∇˜e1e1 = −∇˜e2e2 = −e3, ∇˜e1e3 = −e2, ∇˜e2e3 = e1.(6.5)
We consider the following curves in M3 = R+×N2 with respect to the basis
{e1, e2, e3} of TM3:
(a) C(t) = (cosh t, sinh t, t), t ∈ R. We find C˙ = (sinh t, cosh t, 1) and
ϕC˙ = (− cosh t, sinh t, 0). Then g(C˙, C˙) = 0, a = η(C˙) = 1, b = g(C˙, ϕC˙) =
− sinh 2t, that is C is a slant null curve such that the function b is not a
constant. By using (6.4) we obtain
∇C˙C˙ = 2cosh te1 − sinh 2te3.(6.6)
First, we take S(TC⊥) spanned byW =
(
− cosh t
cosh 2t
,
sinh t
cosh 2t
, tanh 2t
)
. Then
the unique N corresponding to W is given by
N =
(
sinh t(4 cosh2 t− 1)
2 cosh2 2t
,
− cosh t(4 sinh2 t+ 1)
2 cosh2 2t
,
1
2 cosh2 2t
)
.
Now, (6.6) becomes
∇C˙C˙ = tanh 2tC˙ − 2 cosh2 tW.
By using (6.4) we obtain
∇C˙N = −
3 + cosh 2t
2 cosh2 2t
W, ∇C˙W =
3 + cosh 2t
2 cosh2 2t
C˙ + 2cosh2 tN.
Comparing the above three equations with (2.7), (2.8) and (2.9) we get
h = tanh 2t, k1 = −2 cosh2 t, k2 = −3 + cosh 2t
2 cosh2 2t
with respect to the Frenet frame F = {C˙,N,W}.
Next, consider the Frenet frame F = {C˙,N,W}, where
W =
(
1
cosh t
, 0,− tanh t
)
, N
(
sinh t
2 cosh2 t
,− 1
2 cosh t
,
1
2 cosh2 t
)
we have ∇C˙C˙ = 2cosh2 tW and ∇C˙N =
1
cosh2 t
W . Thus h = 0,
k1 = 2cosh
2 t, k2 =
1
cosh2 t
with respect to the Frenet frameF = {C˙,N,W}.
This example is an illustration of the results in Proposition 3.7.
(b) C(t) = (C∗, t,−t), t ∈ R, C∗ ∈ R is a slant null curve for which a = −1
and b = 0. From Proposition 3.14 it follows that C is a ϕ-geodesic. Really,
by virtue of (6.4) we find ∇C˙C˙ = −e1 = ϕC˙. The frame F = {C˙ =
20 GALIA NAKOVA AND SIMEON ZAMKOVOY
(0, 1,−1), N = (0,−1/2,−1/2), W = (−1, 0, 0)} is a Cartan Frenet frame
for C and k¯2 = 1/2. Hence, C is a generalized helix which confirms the
assertion in Corollary 3.15.
Now, we consider the curve C(t) = (C∗, t,−t) with respect to the metric g˜.
By direct computations we obtain g˜(C˙, C˙) = 1 and η˜(C˙) = −1. Hence C(t)
is a unit speed spacelike curve and it is also a slant curve. By using (6.5) we
get ∇˜C˙C˙ = e3 − e1. The vector fields E1 = (0, 1,−1), E2 = (−1, 0, 1), E3 =
(−1,−1, 1) are orthonormal with respect to g˜ and g˜(E1, E1) = g˜(E2, E2) =
−g˜(E3, E3) = 1. Hence, C is of osculating order 3 and k˜ = τ˜ = 1. The
obtained results for C with respect to g˜ concur with those in Theorem 5.2.
(c) C(t) = (
√
2t/2,−√2t/2, C∗), t ∈ R, C∗ ∈ R is a Legendre null curve for
which b = 1 and ∇C˙C˙ = e3 = ξ. The frame F = {C˙ = (
√
2/2,−√2/2, 0),
N = (
√
2/2,
√
2/2, 0), W = (0, 0, 1)} is a Cartan Frenet frame for C and
k¯2 = 0. Hence C is a null cubic which confirms (iii) in Proposition 4.5.
With respect to g˜ we have g˜(C˙, C˙) = 1 and η˜(C˙) = 0 that is C is a unit speed
spacelike Legendre curve. Moreover, by virtue of (6.5) we obtain ∇˜C˙C˙ = 0,
i.e. C is a geodesic.
Consider a 3-dimensional solvable Lie group G with a Lie algebra g. Let g
be determined by the commutators of the basis {e1, e2, e3} of left invariant
vector fields given by (6.2). In [9] were defined the almost contact structure
(ϕ, ξ, η) and the left invariant B-metric g on G by
ϕe1 = e2, ϕe2 = −e1, ϕe3 = 0, ξ = e3, η(e3) = 1, η(e1) = η(e2) = 0,
g(e1, e1) = −g(e2, e2) = g(e3, e3) = 1, g(ei, ej) = 0, i 6= j ∈ {1, 2, 3}
and it was shown that (G,ϕ, ξ, η, g) is a Sasaki-like almost contact B-metric
manifold. Since e1, e2, e3 satisfy (6.1) and (6.2), the non-zero components
of the Levi-Civita connection ∇ of the metric g are given by (6.4).
Now, we construct slant null curves in the Sasaki-like almost contact B-
metric manifold (G,ϕ, ξ, η, g). Consider the curve C(t) = etX on G, where
t ∈ R and X ∈ g. Hence the tangent vector to C(t) at the identity element
e of G is C˙(0) = X. Let the coordinates (p, q, r) of C˙(0) with respect to the
basis {e1, e2, e3} are given by
p = −ǫ
√√
a4 + b2 − a2
2
, q =
√√
a4 + b2 + a2
2
, r = a,(6.7)
where a, b ∈ R, (a, b) 6= (0, 0) and ǫ = {sign b} = {±1}. Since g(C˙, C˙) = 0
and η(C˙) = a, C(t) is a slant null curve in (G,ϕ, ξ, η, g). Also, having in
mind that ϕC˙ = (−q, p, 0), we have g(C˙, ϕC˙) = b. Furthermore, using (6.4),
21
one obtains
∇C˙C˙ = aqe1 − ape2 + be3
=
√
a4 + b2
(
aq√
a4 + b2
e1 − ap√
a4 + b2
e2 +
b√
a4 + b2
e3
)
=
√
a4 + b2W,
(6.8)
where the vector field
W =
(
aq√
a4 + b2
,− ap√
a4 + b2
,
b√
a4 + b2
)
(6.9)
is a spacelike unit. Then the unique N corresponding to W is given by
N =
(
− a
2p+ 2bq
2(a4 + b2)
,
−a2q + 2bp
2(a4 + b2)
,
a3
2(a4 + b2)
)
.(6.10)
Thus, by using (6.4), we obtain
∇C˙N =
a2
2
√
a4 + b2
W,
∇C˙W = −
a2
2
√
a4 + b2
C˙ −
√
a4 + b2N.
(6.11)
Comparing the equations (6.8) and (6.11) with (2.7) and (2.8), (2.9), re-
spectively, we get
h¯ = 0, k¯1 =
√
a4 + b2, k¯2 =
a2
2
√
a4 + b2
(6.12)
with respect to to the Frenet frame F = {C˙,N,W}.
Further, we find the matrix representation of C(t) and F. Let us recall that
the adjoint representation Ad of G is the following Lie group homomorphism
Ad : G −→ Aut(g).
For X ∈ g, the map adX : g −→ g is defined by adX(Y ) = [X,Y ], where by
adX is denoted ad(X). Due to the Jacobi identity, the map
ad : g −→ End(g) : X −→ adX
is Lie algebra homomorphism, which is called adjoint representation of g.
Since the set End(g) of all K-linear maps from g to g is isomorphic to the set
of all (n×n) matrices M(n,K) with entries in K, ad is a matrix representation
of g. We denote byMi the matrices of adEi (i=1,2,3) with respect to the basis
{e1, e2, e3} of g. Then for an arbitraryX = x1e1+x2e2+x3e3 (x1, x2, x3 ∈ R)
in g the matrix A of adX is A = x1M1 + x2M2 + x3M3. Then by virtue of
the well known identity eA = Ad
(
eX
)
we find the matrix representation of
the Lie group G. By using (6.2) we obtain M1, M2, M3 and then A
M1 =
 0 0 00 0 −1
0 0 0
 , M2 =
 0 0 10 0 0
0 0 0
 , M3 =
 0 −1 01 0 0
0 0 0
 ,
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A =
 0 −x3 x2x3 0 −x1
0 0 0
 .(6.13)
The characteristic polynomial of A is
PA(λ) = −λ(λ2 + x23) = 0.
Hence for the eigenvalues λi (i = 1, 2, 3) of A we have
λ1 = 0, λ2 = ix3, λ3 = −ix3, i2 = −1.
By the assumption that x3 6= 0, the eigenvectors
p1 = (x1, x2, x3), p2 = (1, i, 0), p3 = (i, 1, 0)
corresponding to λ1, λ2, λ3, respectively, are linearly independent for arbit-
rary x1, x2 and x3 6= 0. For the change of basis matrix P and its inverse
matrix P−1 we get
P =
 x1 1 ix2 i 1
x3 0 0
 , P−1 = 1
2x3
 0 0 2x3 −ix3 −x1 + ix2
−ix3 x3 −x2 + ix1
 .
By using that eA = PeJP−1, where J is the diagonal matrix with elements
Jii = λi, we obtain the matrix representation of the Lie group G in case
x3 6= 0
G =
e
A =

cosx3 − sinx3 x1
x3
(1 − cosx3) + x2
x3
sinx3
sinx3 cosx3
x2
x3
(1− cosαx3)− x1
x3
sinx3
0 0 1

 .(6.14)
The coordinates of the vector field tC˙ ∈ g, t ∈ R, are (tp, tq, ta), where p, q
are given by (6.7) and a 6= 0. Since Ad(C(t)) = Ad (etc˙), we find Ad(C(t))
replacing x1, x2 and x3 in (6.14) with tp, tq and ta, respectively. Thus, for
the matrix representation of a slant null curve C(t), which is not a Legendre
curve, we have
Ad(C(t)) =

cos at − sin at pa(1− cos at) + qa sin at
sin at cos at qa(1− cos at)− pa sin at
0 0 1
 .(6.15)
We may obtain the matrix representations of C˙, W and N replacing x1,
x2 and x3 in (6.13) with their coordinates, determined by (6.7), (6.9) and
(6.10), respectively.
Now, by using Corollary 3.12 we will find a slant null curve in the Lie
group (G,ϕ, ξ, η, g) which is a generalized helix. Take b = ǫ
√
1− a4 in (6.7),
(6.9), (6.10) and (6.12), where ǫ = {sign b} = {±1} and a ∈ [−1, 0) ∪ (0, 1].
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Then the slant null curve C1(t) has a tangent vector C˙1(0) with coordinates
p1, q1, r1 given by
p1 = −ǫ
√
1− a2√
2
, q1 =
√
1 + a2√
2
, r1 = a(6.16)
and curvatures k¯1 = 1, k¯2 =
a2
2 . From Corollary 3.12 it follows that the
slant null curve C1(t) is a generalized helix with respect to the Frenet frame
F1 = {C˙1, N1,W1}, where
W1 =
(
a
√
1+a2√
2
, ǫa
√
1−a2√
2
, ǫ
√
1− a4
)
,
N1 =
(
−ǫ
√
1−a2(2+a2)
2
√
2
,−
√
1+a2(2−a2)
2
√
2
, a
3
2
)
.
(6.17)
We obtain the matrix representation of C1(t) replacing p and q in (6.15)
with p1 and q1, respectively, determined by (6.16).
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